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On the base of Lie algebraic and differential geometry methods, a wide class of 
multidimensional nonlinear integrable systems is obtained, and the integration 
scheme for such equations is proposed. 



1 . In the report we give a Lie algebraic and differential geometry derivation 
of a wide class of nonlinear integrable systems of partial differential equations 
for the functions depending on an arbitrary number of variables, and construct, 
following the lines of Refs. 1-3, their general solutions in a 'holomorphically 
factorisable' form. The systems are generated by flat connections, constrained 
by the relevant grading condition, with values in an arbitrary reductive com- 
plex Lie algebra Q endowed with a Z-gradation. They describe a multidimen- 
sional version of Toda type fields coupled to matter fields, and, analogously to 
the two dimensional situation, with an appropriate Inonii-Wigner contraction 
procedure, for our systems one can exclude back reaction of the matter fields 
on the Toda fields. 

For two dimensional case and the connection taking values in the local 
part of a finite dimensional algebra Q, our equations describe an (abelian and 
nonabelian) conformal Toda system and its affine deformations for an affine Q, 
see Ref. 1 and references therein, and also Ref. 2 for differential and algebraic 
geometry background of such systems. For the connection with values in higher 
grading subspaces of Q one deals with systems discussed in Refs. 3, 4. In 
higher dimensions our systems, under some additional specialisations, contain 
as particular cases the Cecotti-Vafa type equationfl written there for a case 
of the complexified orthogonal algebra, see also Ref. 6; and those of Gervais- 
Matsuc£l which represent some reduction of a generalised WZNW model. Due 
to the lack of space we present here only an announcement of the results which 
will be described in detail, together with some remarkable examples elsewhere. 

2. Let M be the manifold R 2A with the standard coordinates z ±l , 1 < 
i < A, or C A with z +l — z~ l \ let G be a reductive complex Lie group with 
the Lie algebra Q endowed with a Z-gradation, Q = ® m ezG m - Consider a flat 
connection lu = 5Z i= j (w-idz ~ l + uj+idz +l ) on the trivial principal fiber bundle 
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M x G — > M, and impose on it the grading condition that the components 
uj±i take values in Go © Af±i, where JV± i = ©i< m </ ±i Q±m with some positive 
integers l±i, such that the subspaces Q±i ±i are nontrivial. Restrict also the con- 
nection components cu±i — J2m=o 0J ±i,m by the condition u)±i ; ±i ±i — C± c ±iC± 1 j 
where £± are some mappings M — > Go with Go being the Lie group correspond- 
ing to Qq, and c±i are some fixed elements of the subspaces Q±i ±i satisfying 
the relations [c±», c±j] = 0. Then one can prove the following statement. 

There exists a local Go -gauge transformation that brings a connection sat- 
isfying the above given conditions to the connection ui with the components 




where 7 is some mapping from M to Gq, and u±i, m are mappings taking values 
in G± m - 

The equations for the mappings 7 and w±j m which follow from the flatness 
condition we call multidimensional Toda type systems, and the correspond- 
ing functions parametrising the mappings 7 and v± i rn — Toda and matter 
type fields, respectively. In the proof we use the so called modified Gauss 
decompositions] which allow to overcome the main disadvantage of any stan- 
dard Gauss decomposition that not any element of G possesses this decompo- 
sition. Namely, if an element a £ G does not admit the Gauss decomposition 
of some form, then subjecting a to a left shift in G we can get an element 
having this decomposition. 

Let us give examples of multidimensional Toda type equations, namely 
those corresponding to the cases £_ = = I = 1, 2. For I = 1 one has 

[c± t ,7 ±1 5 ±J 7 Tl ] - [c ±J ,7 ±1 5±,7 Tl ] = 0, (1) 
d +j ( 1 - 1 d. i7 ) = [c. i , 1 - 1 c +j7 }. (2) 

For I = 2 with the renotation v±i t ±\ = v±i one has 

[c±i,V±j] = [c±j,V±i], 

d±iv ±j ± [j ±1 d± l j Tl ,v ±J ] = d±jv±i ± [y ±1 d± j 'y Tl ,v± i \, 
[c± I ,7 ±1 5±n Tl ] ~ [ c ±j:7 ±1 <9±*7 Tl ] + [v±uv±j] = 0; 
d±iVzfj = [c= F3 ,7 Tl w± l 7 ±1 ], 
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3. Describe briefly the procedure for obtaining the general solution of the 
multidimensional Toda type equations. We start with mappings j± taking val- 
ues in Go and mappings \±i tm with values in Q± m -, which satisfy the conditions 
d T ij± = 0, d T i\±i. m = 0, and the integrability conditions of the equations 

i±i-i 

(i± 1 d± i [j,± = ^2 A ±"» +7±c±»7± 1 I (3) 

m— 1 

where fi± are mappings from M to G, such that d±i[i T = 0. The solution 
of equations (^|) is determined by the initial conditions p±(p) — a±, where p 
is some fixed point of M and a± are some fixed elements of G. It is clear 
that the mappings p± take values in the subsets a±N± with N± being the 
Lie subgroups of G corresponding to the Lie subalgebras Af± = ® m >oQ±m- 
Further, the Gauss decomposition for juT of the form /i^ 1 /!- = v-rjv^ 1 
gives the mappings rj and v± which take values in Go and N±, respectively. 
Finally, using the formula 7 = 7+ 1 ?77- and the decompositions 

^2 v±i, m = 7± 1 '7 ±1 (^± 1 d±^±)?7 :Fl 7±> 

m— 1 

we obtain the mappings 7 and u±i, m which satisfy the multidimensional Toda 
type equations. Any solution can be obtained using this procedure. In general, 
different sets of mappings 7±, A-y. m , as well as different choices of initial 
conditions for /x± , can give the same solution. Note that almost all solutions of 
the multidimensional Toda type equations can be obtained using the mappings 
fj,± taking values in the subgroups N±. 

4. As an illustration of our general construction consider a particular case 
of system ([j]), (Q) corresponding to the loop group C(GL(2m,C)). With an 
appropriate Z-gradation of the Lie algebra C(Q£(2m, C)) one has 

/ t^K-i \ ( K +l \ (0i \ 

Here each entry in the matrices is an m x m block, 0i^ take values in GL(m, C) , 
£ is the loop parameter. By this example we show that subsystem (fil) gives 
two sets of generalised wave equations over the coordinates z +l and z~ l , re- 
spectively, while subsystem (||) is a dynamical one and provides a nontrivial 
mixing of the dependence on the whole set of the coordinates. 

If L±i = K±i, the system under consideration admits the reduction to the 
case when 0i t 2 take values in the complex orthogonal group 0(m, C), which 
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leads to the equations 

d-ilfiiK-iPZ 1 ) = d-ji/hK-ifc 1 ), (4) 

d+iiP^K+jfc) = d+j^K+ifo), (5) 

d +j (fc l d-i0i) = K-ip^K^fa - ^K+jfcKli, (6) 

d +j (^d^ 2 ) = KtiP^K+jfa - p^KX^xK-i. (7) 

For K±i = K±i system admits further reduction to the case (3%= 02 = 

P, and one ends up with the Cecotti-Vafa equations, 

d-iiPK.jp- 1 ) = d^K.rf- 1 ), (8) 
d+iiP^K+rf) = d+^K^P), (9) 
d+jip^d-ip) = [K-i,p- l K+ 3 p]. (10) 

Equations (g), (g) with (K±i)ki =f^ih^U are connected with some well known 
equations in differential geometrp. With the same choice of K±i, a similar 
connection takes place for more general equations (||), (|J). Namely, introduce 
the notation 

(.Pi Jmi 

ft is not difficult to show that equations (^) are equivalent to the relations 

P^dip! = Kib - \fK u P2 1 d i p 2 = Ktf - bKi. (If) 

Here and in what follows for the sake of brevity we omit signs ± in the indices. 
The functions 6^ defined in such a way satisfy the equations 

dibji + djbij + ^2 b ikbjk = 0, i ^ j; (f 2) 

dkbji = b jk b ki , j ^ k; (13) 
dihj + djbji + ^2 bkibkj 0, i • j, (14) 

which are nothing but the zero curvature condition for the connections with 
components P^diPi 2 given by (|lf|). From the other hand, if we have a so- 
lution of equations (|l^)-(|l4|), then integrating equations ([Tl]) we come to the 
mappings Pi. 2 which satisfy equations (||). When Pi = P2, it appears that the 
Egorov property, b%j = bji, is valid, and equations dfl) are reduced to 



^ dkbi 



k=l 
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Equations (p^)-(p^) are related to some classical problems of differential 
geometry, moreover, they are completely integrablcH. 

The system arising from equations (||), (Q) with the specialisation chosen 
above, sometimes is called a multidimensional generalisation of the sine-Gor- 
don equation, while those from ( |l4| ) — generalised wave equations. In particu- 
lar, for the simplest case with m = 2, the integration problem of these equations 
can be reduced to the solution of two independent sine-Gordon equations. 



References 



1. A. N. Leznov and M. V. Saveliev, Group-Theoretical Methods for Integra- 
tion of Nonlinear Dynamical Systems (Birkhauser-Verlag, Basel, 1992). 

2. A. Razumov and M. Saveliev, Comm. Anal. Geom. 2, 461 (1994). 

3. J.-L. Gervais and M. V. Saveliev, Nucl. Phys. B453, 449 (1995). 

4. LA. Ferreira, J.-L. Gervais, J. S. Guillen and M. V. Saveliev, Affine Toda 
systems coupled to matter fields, hep-th/9512105 (to appear in Nucl. 
Phys. B). 

5. S. Cecotti and C. Vafa, Nucl. Phys. B367, 359 (1991). 

6. B. Dubrovin, Comm. Math. Phys. 152, 539 (1993). 

7. J.-L. Gervais and Y. Matsuo, Comm. Math. Phys. 152, 317 (1993). 

8. G. Darboux, Lecons sur les systemes orthogonaux et les coordonnees 
curvilignes (Gauthier-Villars, Paris, 1910). 



5 



